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The linear algebraic equation Ax = b with tridiagonal coefficient matrix 4 is solved by analytical matrix inversion. An explicit
formula is known if 4 is a Toeplitz matrix. New formulas are presented for the following cases: (1) 4 is of Toeplitz type except
that A(1, 1) and A(n, n) are different from the remaining diagonal elements. (2) A is p-periodic (p > 1), by which is meant that
in each of the three bands of A a group of p elements is periodically repeated. (3) The tridiagonal matrix 4 is composed of periodic
submatrices of different periods. In cases (2) and (3) the problem of matrix inversion is reduced to a second-order difference
equation with periodic coefficients. The solution is based on Floquet’s theorem. It is shown that for p = 1 the formulae found
for periodic matrices reduce to special forms valid for Toeplitz matrices. The results are applied to problems of elastostatics and
of vibration theory. © 1998 Elsevier Science Ltd. All rights reserved.

1. INTRODUCTION
The subject of this paper is systems of linear equations of the form

’3,-_|x,~_| + a,-x,- +'Y,-X,-+| = b,' (i = ],-.., n; xO = x,“,' = 0) (1.1)

with real or complex coefficients. The matrix form is Ax = b with a symmetric or asymmetric tridiagonal
matrix A. Such systems of equations arise in many fields. In the simplest case the matrix elements are
o; = a, B; = B, v; = y. Such matrices are called (tridiagonal) Toeplitz matrices. A Toeplitz matrix will
be called perturbed if the “boundary” elements o, and o, are different from a.. These boundary elements
reflect boundary conditions of the mechanical system under investigation. Mechanical systems which
are composed of periodically repeated subsystems give rise to periodic matrices with elements o, =
%, Bip =B Yiup=7yi (p > 1).

In Section 2 the elements of the inverses of tridiagonal matrices are expressed in terms of continuants,
i.e. of determinants of tridiagonal submatrices of 4. Continuants are solutions of a linear second-order
difference equation. The coefficients of this equation are the diagonal elements a; and the products
8; = PByy; of the off-diagonal elements. From this it follows that the inversion of an asymmetric matrix
is not more difficult than that of a symmetric matrix. Throughout this paper 8; = B,y; of the off-diagonal
elements. From this it follows that the inversion of an asymmetric matrix is not more difficult than that
of a symmetric matrix. Throughout this paper §;# 0(i = 1,...,n - 1) is assumed, since otherwise the
problem of inversion can be reduced to the inversion of smaller tridiagonal matrices.

In Section 3 difference equations with constant coefficients o; = a, §; = 8 are resolved explicitly.
With these solutions explicit expressions are obtained for the inverse of Toeplitz matrices and of perturb-
ed Toeplitz matrices. With the exception of some formulae related to perturbed matrices this materials
is well known. New results are obtained in Sections 4 and 5. In Section 4 difference equations with
p-periodic coefficients o;,, = a; 8;,, = §; are investigated. Explicit solutions are based on Floquet’s
theorem. The result for p-periodic coefficients is identical with that for constant coefficients if p is set
equal to 1. In Section 5 the results are further generalized to tridiagonal matrices with submatrices of
different period lengths. In Section 6 the results are applied to elastostatics and to vibration problems.

Tridiagonal matrices and generalizations thereof have been studied in many papers [1-7]. In [5]
inverses of periodic tridiagonal matrices are discussed without, however, giving closed-form expressions
of the kind obtained in the present paper.
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2. THE INVERSE MATRIX EXPRESSED IN TERMS OF CONTINUANTS

Let w; (( = 1, ..., n) be the determinant of the tridiagonal submatrix with elements A4y
(j,k =1,...,i) of the coefficient matrix A. Following the notation in [1] u; is called the ith continuant
of A. Furthermore, let v; (i = 1, ..., n) be the ith continuant of the transpose of 4 about its secondary
diagonal. From these definitions it follows that u, = v, = det 4. If 4 is persymmetric (symmetric to
its secondary diagonal) thenv;, = u; (i =1, ..., n).

The element (A“),-j (i,j = 1,...,n) of the inverse of an arbitrary matrix 4 is Cj/u, where C; is the
cofactor of A;;. It is (-1)'” times the determinant of the submatrix of 4 which remains after deleting
row j and column i. For the matrix in Eq. (1) and for i > j the cofactor is

i-1 i+

Al v
At ﬂj v Yjnl
C.=(-1)y"/ ' ' (>
i =D Bi-s 2 Yia
Bia @iy
Bi-t Yi

“ B, “

[4;_1] and [B,_] are the matrices with elements Ay (k, /= 1,...,j-Dand (k,I=i+1,...,n),
respectively. Their determinants are the continuants #;.; and v,._;, respectively. It is easily shown that
C; remains unchanged if all elements o and y outside of [4;] and [B,_;] are replaced by zero. First,
this is shown for y;_, and hence also for y; and then for the remaining elements. In each case one shows
that in the expression for the determinant the coefficient of the element under consideration is zero.
It follows that

L i-1 o
Gy =D, 1B (>4 j=L.... n)
k=j

Let uy = vy = 1. Then this formula is also valid in the case wheni =j (i = 1,...,n). Ifi <j, theni
and j as well as § and y must be interchanged. With this formula the elements of A~ are

Wi il .
- -1y ’—’—:)—-—II‘B,‘ (i =j)
A=y o (G=L... m (2.1)
)y, <)
k=i

n

Thus, A" is known as soon as the continuants are known. Expansion of the determinant u; by the ith
column yields the second-order linear difference equation

U =0 =8 iy (i=2,..., n) (2.2)
where §; = By; ({ = 1, ..., n - 1) and with the initial conditions
Ug = l, up = 0 (2.3)

The continuants v; (i = 0, . . ., n) are obtained by applying the same equation to the transpose of A
about the secondary diagonal. Throughout this paper §; = 0 (i = 1,...,n - 1) is assumed. Under this
condition no two successive continuants u; and Uy or v and v, (k = 0) are zero. Equation (3) is
the same for symmetric and for asymmetric matrices.

3. TOEPLITZ MATRICES

In this section Eq. (2.2) for continuants is explicitly solved for tridiagonal matrices with perturba-
tions. Thisis thecase §; =B, v, =y(i=1,...,n-1), =0, =2,...,n~1), a0y, o, # o From the
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solution ; (i = 0, ..., n) of Eq. (2.2) the continuants v; are obtained by interchanging a; and a,,. With
8 = By Eq. (2.2) takes the form

“ ={ow,-_, = Bu;_, (i=2,.., n—1) 3.1)

o, _8un—2 +(an —(x)u,,_, (i=n)
with initial conditions (2.3). In the range i = 2, ..., n — 1 it has constant coefficients. In this range the

equation has a solution of the formu; = C¢' (i = 0,...,n - 1). Substitution into Eq. (3.1) yields the
characteristic equation

?-0g+8=0 (3.2)

In the case of different roots ¢; # g, the general solution is w=Cig + Cogh ({=0,...,n-1). The
coefficients C; and C,, determined by the initial conditions (2.3), are found to be C) = [g; + (a; — o))/

(91 - g2) and C; = —[g, + (o - @)]/(q; — ¢2). Hence

i+ _ i+l _ i_ i
u“ = ql —q2 +(al a)(ql q2) (i=0,---, n_l) (3.3)
it /)
Eq. (5) then yields for u, the expression

g (g oy —a)q +a, —a)—q} (g, +a, —a)g, +a, — )

= 34

o [l }} 34

In the case when g; = ¢, = g = o/2 the general solution is u; = (Ci+iC)(/2) ((=0,...,n~ 1).
The initial conditions (2.3) yield C; = 1, C, = 2a;/o. ~ 1. From this it follows that

w=(1+i)g' +i(e, ~o)g’™ (i=0,..., n—1) (3.5)

u, =[q* +n(g+a, ~a)g+a, — o) (a —a)a, —o)lg"? (3.6)

In the special case a; = a,, = a Eqs (3.3) to (3.6) have the forms

g -g5"
4 ~492 * .
ui =Ui = ql —q2 (ql q2) (l =0,..-, n) (3'7)

(A+i)g' (@=q,=9=0a/2)

These results are known from [2, 3]. In [1] the case q1 = g is not considered and the result for
g1 # g is misprinted.

For real matrices the continuants (3.3)—(3.7) are real even if q1 are complex conjugate. In what follows
real expressions will be developed for asymmetric matrices in the special case o; = a, = o and for
symmetric matrices in special cases with a; = o, # a.

Real asymmetric Toeplitz matrices
The matrix is persymmetric, whence it follows that ; = v; (( =0,...,n)and Eq. (2.1) takes the
form

jmj Uj-tUp—j . .
By L= i)
A=y (G=1..., n) (3.8)
(7Y ——
u’l
Without loss of generality it will be assumed that the diagonal elements o of 4 are non-negative (the
case a < 0 is treated by inverting —4). In Eq. (3.7) three cases must be distinguished depending on
whether Eq. (3.2) has two different real roots, a double root or complex conjugate roots.

1. Different real roots. From Eq. (3.2) with a > 0 it follows that q1 > 0,signg, =signd and | ¢, | < ¢;.
We define the real number
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_ﬂ_g% (O<irk1; signr=signd) (3.9)

From Eq. (3.2) it follows that g,g, = & and with this from Eq. (3.9) we have q; = V3/r. In these terms
Eq. (3.7) is written in the form

/2 _ pitl
u,.=(§) I=r" (=0.... n (3.10)

r I—r
2. Double root: q = o/2 = V6 > 0. With this, Eq. (3.7) becomes
w; =821+ (=0,..., n) (3.11)

3. Complex conjugate roots. In this case 45 — o > 0 and, thus, also & > 0. Since « = 0 the real part is
= 0. The absolute value is V5. By writing q,, = Ve™*® we define the angle

Vas-o? (

¢ = arctg O<op= 12‘-) (3.12)

Equation (3.7) has the form

e _ il o
u =2 €00 e s sinl(j +1)g]
/ e""—e » sin @

Equations (3.10), (3.11) and (3.13) together with (3.8) yield the final result for the inverse of
A:

(j=0,...n) (3.13)

(i~j+1)12 j n+l—-i
il T =rYi-r"""") 2545
" ( ] | a=pa=rh ©*>45)
Gi~j+)! ,
j= n .
_B)i- j(l)(‘_j +hr2 sin(j@)sin[(r +1 - )] (a2 <45)
( S sin @sin[(n + 1))
L G=1..,.m i=j; o.>0)

The expressions for i < j are obtained by interchanging i and j as well as p and y. A symmetric matrix
is characterized by 5 = p2and 0 < r < 1.

Real symmetric Toeplitz matrices with special perturbations
In this case Eqs (3.3)—(3.6) apply. In some mechanical systems with a symmetric matrix the special
case a; = o, = o + P is of particular interest. In what follows the more general case
o=0,=a+0p (o,=+1o0r -1) (3.15)
is considered. The elements of the inverse matrix A~ can be given forms similar to those in Eq. (3.14).
Because of the symmetry and persymmetry Eq. (3.8) has the special form

(A= (A7) = (B L (=1 i3 ) (3.16)

n

As in the previous section o = 0 is assumed without loss of generality. We define o = sign p = g=
o10p. First, Eqs (3.3) and (3.4) for real or complex roots g, * ¢, are considered. Since ¢,9, = B’ we
have

o, —o=a, -o=0f=0lBl= 0499,

From this it follows that
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g - g5 +oag. gl - a}) _ @ - og g +0a) _

9~ 9 9 — 49
i+ i+
=3 _"9%%_ -o,..,n-1)
9 —0\q
. _a g +oaq 2> -43 (9, +0q9,)" g +o 2 (g ~ab)
- 92
" /) J‘h O'J‘Iz

1. Real roots q, # q, are posmve Hence, the parameter r defined by Eq. (3.9) is in the range 0 < r < 1.
Furthermore, g; = | B V2. This yields

_( 1B Fl-or'th . -1
u‘._( r)m— (1-—0,...,n ) (317)
_(18 i(, n)”"" (3.18)
" \/; l-—cr% .
2. Complex roots. Again, Eq. (3.12) is applicable
. 4p? —o? T
=Ile*®, ¢=arctgt——-— |0 \—)
92 =IBle™, ¢ =arctg=— ( <o<3
This yields
1B ———Si“F(i;;/zz);P] (6=+1)
_ sin .
u; = . cos[(i + )91 (i=0,....,n=-1) (3.19)
B —L2= (o=-~1)
cos(p/2)
_ 21BI" ctg(p/2)sinng (G =+1) (3.20)
=2IBI" tg(@ / 2)sinng (0 =-1) '

3. A double root requires of2 = | B |. We write A = a/24* and consider the matrix A* first. It has the
elements af =2, a] = a; = 2 + o, B* = o and the double root g = 1. Egs (3.5) and (3.6) reduce to

u, =1+i(1+6) (i=0,....,n-1), u,=n(l+0)> (3.21)
With this the continuants of 4 are
w =Bl ui=1,..n)
With Eqgs (3.17)—(3.21), Eq. (3.16) yields the final result for the inverse matrix

3 n—i+Y

gy 2 (A= -or’ " )(-or" ) 2 | 482
TR .. )(l-i-]r)(l—r) (@ > 487

-_1_ _]( j— n—i)+ -

|B|('°ﬁ) 4n (G=+) (@ =4p?)

A, =AY, =4 A is singular' - . (Cf=‘1)
! ! 1 —op) sinl(j — A)elsinl(n—i+ ANQ] (L (3.22)
IBI sin @sinng (@? < 42)
L gy cos[(J - (D)plcosl(n —i + (JA)e ©=~1)
LI[il sin @sin n@

(=L..,n i=j, a>0)
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4. PERIODIC TRIDIAGONAL MATRICES

The inversion of a p-periodic tridiagonal matrix requires the solution of the linear difference equation
(2.2) with p-periodic coefficients a;, = o, 81, = ;. According to Floquet’s theorem it has at least
one solution of the form

U= ki+lq’ (X

with p-periodic coefficients. Substitution into Eq. (2.2) results in the equations

=1,) (4.1)

i+p

6 }\" o —ghi, =0 (i=1.., p 80=8p) (4.2)
q

This represents an eigenvalue problem with eigenvalues g and eigenvector components A, . . . , A,_j.
The special case u,_; = 0 is solved first. From (2.2) it follows that Ups1 = Olilly = Usldp, Up4 = Olpoliplty

8p+1up+1u‘, = (auy — 8y, = Ugly, etc. Using the prmaple of induction it is easnly shown tilat the
solution satisfying the prescrlbed initial conditions can be written in the form

=uyu, (m=0,1,..;i=0,..,p=-1) (4.3)

ump+i P

This is Eq. (4.1) with ¢* = u, and A4, = ulq (i = ,p —1). Hence, u, is one of the two roots of
the quadratic equation. The other root does not appear because of the initial conditions. The continuants
are independent of §,,.

In the general case u, | # 0 with A, # 0 we are free to choose A, = 1. The case p = 2 with &, = 1
must be considered separately. Equatlons (4.2), after eliminating Xl from the first equation, are then

44
g* = (0,0, -8 -8,)4" +8,;8, =0, L, =(g" +8,)/(qo) (44)
The first of these two equations is the characteristic quadratic equation (quadratic for g?).
In the general case p > 2 Eqs (4.2) are written in the form
ot -9 M PGP /q|
—8,/q o, -—q . 0
=f - (4.5)
—5,)—3 lq o, -9
_8‘,_2 /q d.,,_l Xp_l
8,,_, =
—T p_,+a,,-q7~| =0 (46)
Let the asymmetric tridiagonal coefficient matrix of Eq. (4.5) be called 4. The matrices A and A have
in common the diagonal elements «; and the products §; = By; (i = 1, ..., p — 1) of the off-diagonal
elements and, hence, also the continuants %; ({ = 0, . . ., p — 1). The determinant is u, ; # 0. The
continuants of the transpose of A about the secondary dlagonal arecalled 0; (i = 1,...,p~1).In

addition b_; = 0 and Oy = 1 are defined. With Eq. (2.1) the inverse of A has the elements

q.l i 4j-Mp-i-1 I”p-n 1 k—,ak (= j)
(A'l)i'= “p-1 - G=1...,p-D 4.7
; b e (47)
up__]
With this Eq. (4.5) yields
i ———(A D+ gAY, f(q")—— (i=1...p) (4.8)

p-—l
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with the abbreviation
i1
@ =uiq" +4_ia [18; G=1... p) (4.9)
j=0

This formula is valid also for i = p in which case it yields A, = 1. The eigenvalue g itself is found from
Eq. (4.6). Substitution of the expressions for A, and A,; yields, after simple rearrangements, the
characteristic quadratic equation (quadratic for ¢°)

q* - (u, ~8,,_)q" + s ;=0 (4.10)
j=i

In deriving Eqs (4.8)-(4.10) p > 2 was assumed. However, in the case p = 2 they are identical with Eqs
(4.4) so that they apply to arbitrary p > 1. The coefficient of ¢” is

kp

up =805 = XD oo ..alsisy ...5)
with summation overjy, . .., jp, ky, . . ., k, subjecttoj, + ... +j, + ki + ... + k, =p,j. k,=0or 1
U=1,...,p)je =Jer1 (modp) = ket (modp) = Oifk,=1(=1,...,p).

This coefficient is invariant with respect to a cyclic permutation of o; and §; (i = 1, . . ., p). This has
the consequence that the continuants of the transpose of A about the secondary diagonal are calculated
with the same roots ¢§ and g5.

In what follows the case ¢f . ¢8 is considered. The roots ¢/, and ¢5 determine 2p quantities g, (k =
1,..., 2p). For every coefficients Ay (i = 1, . . ., p) are defined by Eq. (4.8). With these quantities g,
and ;. (Eq. 4.1) yields the general solution of the difference equation

2 S - -
Upmp +i =kﬁ Cihisadi” ' = “_l kf‘.l [ﬁ+|(fhp )Cay? ™ + fin(ah )CpkGpok ]=
=} p- =

1 _ N }
= finlal )ql’""——f Cidi' + fin(@)as? — )f Cgi!
p-1 k=1 Bp 1 k=p+1

m=0,1,..;i=0,..,p-1)

The factors behind g1 and ¢;* are independent of m and i. They are abbreviated to 4; and A,. For
fi+1(¢”) Eq. (4.9) is substituted. This results in the expression

i . i
Upyp i =A|(“i‘hp +Up-i-2_r[o 5,‘) a” +A2(“f‘lf +”p-.'-2Ho 5,) 9"
Jj= j=
m=0,1,..;i=0,...,p-1)

The constants A, and A, are determined from the initial conditions (2.3). The result is 4; = -4, =
1/(q} - ¢%). With this, the final formula for the continuants is obtained

ui(g\" P — g{mOPY 1 (" — g )Jp—i—Z H;'=o 5;
ump+i = 14 P (411)
9 —92

m=0,1,...;i=0,..,,p-1)

The derivation of Eqs (4.10) and (4.11) was based on the nonsingularity of 4 (u,_, # 0). It can be shown,
however, that in the singular case u,_, = 0 Eq. (4.10) has the roots g4 = u, and g5 = -8,0,_, and that
with these roots (4.11) is identical with (4.3). Furthermore, Eqgs (4.10) and (4.11) reduce to the forms
of Eqgs (3.2) and (3.7), respectively, if p = 1 is substituted. Thus, Eqs (4.10) and (4.11) are valid for
arbitraryp = 1if ¢ # ¢5.

In what follows the solution for continuants is developed for the case ¢ = ¢5. Only the case u,; = 0
need be considered since the case u, ; = 0 has been solved already. According to Floquet’s theorem
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the general solution of Eq. (2.2) can be written in the form
u; =[C Ay + Co(hyy +Pis )]qi (i=0,....n) (4.12)

Here, ¢° is the double root of Eq. (4.10) and A,, (i = 0, . .. ., p~1) are the corresponding periodic
coefficients determined from Eqs (4.8) and (4.9). The quantities p;+; (i = 0, . . . ., p—1) are unknown
p-periodic coefficients. They are determined by substituting the expression #; = ({A;4; + pi+))g into
the difference equation (2.2). This results in the equations

-3, 1pio1 +0gp; — qum +-8; A, +ouqA,; - qzxm] =

=ogh; ~28;_ Ay (i=1....p)

According to Eq. (4.2) the expression in square brackets is equal to zero. This enables us to rewrite
the right-hand side. After division by g the equations become

—-aﬁl—pi_l +0P; —gPin = —§";"- Ao +qhi, (i=1,...,p) (4.13)
q

The coefficient matrix is the same as in (4.2). It is singular since ¢ is an eigenvalue. Its rank is p — 1
since the [(p — 1) x (p — 1)}-submatrix A shown in Eq. (4.5) has the determinant 4, # 0. It follows
that only p — 1 equations are linearly independent and that we are free to choose p, = 1.
The constants C; and C; of Eq. (4.12) are calculated from the initial conditions (2.3). The solution
for Cyis
__ 0P —q(py +Ay)
YT glapy ~ Mi(p2 +22))

This is equal to zero as is shown by Eq. (4.13) with i = 1. From this it follows that C, = 1/p; and finally

i =;_)L(i7ti+| +pin)g (i=0,....n) (4.14)
1

Also this formula is valid in the case p = 1 in which it is identical with (3.7). Thus, the Egs (4.10), (4.11)
and (4.14) represent the complete solution for the continuants of 4 in the case p = 1. The same equations
yield the continuants of the transpose of 4 about its secondary diagonal. With u; and v; (i =0, ..., n)
Eq. (2.1), finally, yields the elements of 47

Approximations for symmetric matrices with real roots

In many practical applications the matrix 4 is symmetric and, furthermore, the roots ¢f and ¢ of the
characteristic quadratic Eq. (4.10) are real. Their product is the free term in this equation. For a
symmetric matrix this term is positive. It follows that the roots have the same signs. Let them be such
that ¢5/¢, < 1. In Eq. (4.11) terms with g, in the numerator are negligible for all m > m for some
sufficiently large m,. The smaller ¢%/q} the smaller is my. The approximation is

1 - f .
Ui = T—,;—(u,-q,” Y § | 8,)q¥ (m>mg; i=0,..,p-1)
g ~ 92 =0

whence it follows that
uj_plu; = q;P(j—p>myp) (4.15)

From Eq. (2.1) it then follows that

-1 .
A diiep _ gyp bite ff B, > j) (4.16)
(A7) i1 k=1
With Eq. (4.15) this yields the approximation
(A jop 1 (A =G (2 jij—p>mep+1) (4.17)

where ¢ is the constant
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P
G=1Pqr [T By =(-1" sigr{q{' fi ﬁ.,),fg-},— Gdi<D) (4.18)
k=1 = i

Here, the fact was used again that ¢f/g% equals the free term of Eq. (4.10). Replacing in Eq. (4.17) p
by mp one finally obtains the approximation

(A jomp =G™(A™)j (=i j—mp>mop+1) (4.19)
The same reasoning yields
(A Y, jomp = 4" (A7) j (i< i j+mp<n—mgp) (4.20)

These approximations are geometrlc progressxons multiplied by p-periodic functions which are
represented by the p elements (47');;_ and (4” sk TESPEctively, (k = 0,...,p-1).

5. MATRICES WITH SUBMATRICES OF DIFFERENT PERIODS

In this section continuants of a tridiagonal matrix 4 are determined which has tridiagonal submatrices
of different periods. It suffices to solve the following problem. For some v (v > 1) the continuants
u,, ..., u, have been calculated from given formulas and starting with a, B,, v, the matrix 4 is p-periodic
with p = 1. It is required to obtain an explicit expression for the continuants u; (i > v) satisfying the
difference equation

U= Oty =8 iy (i=V+2,...) (5.1)

and given initial conditions u,._; and u,,.
Let U; and V; be the linearly independent solutions of Eq. (5.1) with the initial conditions U,_; = 1,
U,=0and V,_ | =0, V, = 1, respectively. Then

u; =u, \U;+u,V;, (i=v-1,...) (5.2)

is the solution satisfying the initial conditions u,_; and u,. From Eq. (5.1) and from the initial conditions
it follows that

Uy = =8y, Uy = -0,0y42, Uz = —5v (0y 430y 42 "8v+2 )

vv+l =0y Vv+2 =0y 420y —8v+l"'-

The general formulas are
Ui = _sv“i‘:l v Vi =u,y (1=1,2,.) (5.3)

Here, u} is the jth continuant of the matrix 4* which remains after deleting from A the rows and columns
1,..., vand u;** is the jth continuant of the matrix 4** which remains after deleting from 4 the rows
and columns 1, ..., v + 1. The matrices 4* and A** are p-periodic and both have the same characteristic
roots ¢ and ¢%. Their continuants are given by Eq. (4.3) or (4.11) or Eq. (4.14) depending on which
of the three cases applies. Equations (5.3) and (5.2) yield the desired explicit formula

Uy, =gl =ty Sy (i=1,2,..) (5.4)

6. APPLICATIONS TO MECHANICAL SYSTEMS

Three-moment equations for multiply supported beams

Figure 1(a) shows a continuous beam on supports 0, ...,n + l and withspans 1,...,n + 1 (n > 2).
The system is n times statically indeterminate. Figure 1(b) shows an associated statically determinate
system with revolute joints at the supports 1, . . ., n and with unknown moments My, . .. , M,,. The two

systems are equivalent if the moments have such values that the derivative dw/dx of the deﬂectxon w(x)
is continuous at the supports. This condition is expressed by the so-called three-moment equations
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Fig. 1.
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iMi-l sz byt M+ M =0 (6.1)
[ I Iy i

(i=lL..,n My=M,, ,=0)

The quantity /; is the length of span i, I; is the moment of inertia of the cross section in span i and
Q; i+1 is a term representing the loads on spans i and i + 1.
In the special case of identical spans with //I; = I/I the equations read

M,-_‘ +4M, +Mi+l = Qi.i+|1/l (i= 1,...,”; Mo = M,H,‘ =0)

The coefficient matrix is a symmetric Toeplitz matrix. The quadratic equation (3.2) has the real roots
q12 = 2 * V3. The elements of the inverse matrix are given by the first line in Eq. (3.14) with 8 = = 1

S N a=rha- et

n+l (i? J)

(AT =A™ =(=ry

1-r I-r

r=(2-+3)* =0.2682

All the matrix elements except those in rows 1 and » and in columns 1 and n have the good approximation
(A7), =(A™);; =0,289(-0,268Y~ (i = j; i,j#1,n)

The matrix elements (1, #) and (r, 1) have the correction factor (1 - r)> =~ 0.86 and all other elements
of rows 1 and » and of columns 1 and # have the correction factor (1 —r) = 0.93.

As another example, a beam with constant cross section and with three periodically repeated span
lengths [} = [, I, = al and I; = bl is considered. After multiplication of Eq. (6.1) by I/l the coefficient
matrix is symmetric and periodic with period p = 3 and with parameters

(1|=2(]+a), 0.2=2(a+b), a3 =2(b+l); B,:a, B2=b, B3 =1

Fig. 2.
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The characteristic equation (4.10) is
q°® —2(3(a+b)(1+a+b+ab)+2ablg* +ab* =0

Its roots g3 and ¢ are real, positive and different from one another. This follows from the fact that
their sum, their product as well as the discriminant of the characteristic equation is positive. The
continuants are calculated from Eq. (4.11) with

1 (l O) i a233 (l=0)
u; =1a, NES I ,,_,21'18 BB2 (i=1)
oo, - ((=2) J=0 0 (=2

Forced vibrations of chains of bodies
Figure 2 shows a chain of n bodies with masses m,, . . . , m, which are constrained to move along a
horizontal support. The bodies and the support are interconnected by two groups of springs and by
two groups of dampers. One group of springs has stiffnesses ky, . . . , &, and the other group has stiffnesses
% . - ., k%. The damping constants are by, . . . , b, and b%, . . ., b}, respectively. When the system is
in equilibrium without external forces the springs may be pre-stressed. Let x; be the horizontal
displacement of bod X:’ from this equilibrium position. The bodies are subject to in-phase harmonic
excrtatlon forces Fe"” with a smgle excitation frequency Q and with arbltrary real amplitudes F; (j =
1,..., n) The steady response is x;(f) = X; Y (j=1,...,n)where X; is the complex amphtude of
body j. It is required to calculate these amphtudes
Let mgand ky be a reference mass and a reference spring constant, respectively, With them, we define
] *

) k:
m%:ﬁl, T=0yt, W;=—", cj=-f.., o=
ny my

ke ! kg

m. k

2D, = 2D; = n= -“—
J w—/ ko
This leads to the normalized equations of motion (the prime denotes d/dt)

—Cj_lxj-__| +(Cj‘ +Cj_| +C,)xl _ijj‘” =(1/ko)F:,e"“

G=Len xp=x,0=0)

Substitution of (1) = X; M7 (j = 1,...,n) produces a system of linear equations for the desired stationary
amplitudes. Its matrrx orm is AX = ( 1/kg)F with a symmetric, tridiagonal coefficient matrix 4 having
the complex parameters

0 =N’ +(c] +¢;y +¢jy)+20(Dj + D;y + Djyy) G =1..0m)
B;=-c;~i2D;n, §; =B (j=1..,n-1)

They are p-periodic (p = 1) if the masses, stiffnesses and/or damper constants are p-periodic. Explicit
results for the inverse elements are given only for an undamped system with 1dent1cal masses (m =
m), with ky = k, = 0 and with two groups of identical stiffnesses: k; =k (j = 2, . 1) k%=
G=1,...,n). Choosmgmo—mandko—k*wegetu, 1, c-k/k*—cc 1(/—1 n) Wrth
this the matrrxA is a symmetric Toeplxtz matrix with perturbatrons Its parameters area =1-1n°+
2c,p =v=—and a; = a + B. This is the case of Eq. (3.15) with o; = 1. The parameters r and ¢
defined by Eqs (3.9) and (3.12) are

r(T\aC)— 2 o(n,c)=arctgl_ (0<@=m/2) (6.2)

=+ -12)(1 -2 +4c)/11-n? +2¢l
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The inverse matrix is given by Eq. (3.22)

iyt Y14 " 2.4
Lo a-na-rm <D
A is singular m* =1
1 cos[(j - J)plcosi(n—i+ }o)g] (1<n?<1+20)
. y c §in @sinn® ‘
(A ="y = W 1 Cpyi-i+ SinlG — )QIsinln ~i+ O]y 4 50 2 <14 4¢)

c _ sin@sinng

—Cl 2j- l)[i(n —i)+1] (Mm% =1+4c)

-4 n-i+¥%

1 ~j+l (] - r’ )(1 r ) 2
E ( \/—) (]—r)(l r) (‘n >1+4C)

(G=L...n, i=j)

The system has n eigenfrequencies given by n = 1 and by those values of n for which sin ng(n, ¢) = 0.
The solution is of interest also in the static case, i.e. for n = 0. In this case, the body masses and dampers
do not play any role. In the equations they are set equal to zero. The springs can be arbitrary elastic
structures. Eq. (6.2) becomes

_[N1+4c-1 :
T Vitac+1

whence it follows that 1/c = (1 — Vr)’/Nr. With these expressions the inverse elements are functions of
r,i and j only.

Another elastic system under static loading is shown in Fig. 3. It consists of identical elastic bodies
labelled 1, 3, .. ., n — 1 and of identical springs (of stiffness k) with attachment points 0, 1, . . .,
n + 1. External forces F; applied to the points i = 1, 2, .. ., n cause static displacements x; of these
points. These displacements are to be calculated. The bodies can have other forms than those shown
in the figure. For an individual body the stiffness matrix K is given. It relates the displacements x; and
x;41 to the forces R; and R, acting at the same points

fevealE 6
K12K22 Xis1 l+l

The element K, is negative, zero or positive depending on the shape of the body. In what follows K,
# 0 is assumed since otherwise the bodies are uncoupled.

The forces actingonbodyi (i =1,3,...,n-1)are R, = F; —k(x; —x;,) at pointi and R, = F;
+ k(x;42 —x;+1) at point i + 1. This is substituted into Eq. (6.3)

¥/ . . n+7

Fig. 3.
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0 Ky k+Ky -k F

i+

Xi-1
il

Xir2
(i=13,....n-1; x4=x,,=0)

After division by & all pairs of equations are combined in the matrix equation Ax = (1/k)F. The symmetric
coefficient matrix 4 has period p = 2 and the parameters oy = 1 + Kjy/k > 0, a; = 1 + Ky/k > 0, B4
= Kok (< 0 or > 0) and B, = ~1. The characteristic Eq. (4.4) is

q* —1(Ky + Kp) k+ (K Ky — K3 1k 19° +(Kpp 1 k)2 =0

Its roots g3 and g3 are real, positive and different from one another. Hence, the approximations (4.19)
and (4.12) are applicable. Equation (4.11) yields the positive continuants

_Jla+aham -+ adar" 1 (g -ap) (=0 o
2m+i o [q2(m+l) Z(M+l)]/(ql2 _q%) (l=1) T

The continuants v, ,; of the transpose about the secondary diagonal are the same expressions with o,
instead of a;. Wlth the quantities Eq. (2.1) yields the elements of the i inverse matrix. If K;; < 0 then
all elements of A" are positive. If K;; > 0 then all diagonal elements of A" are positive, and in each
row and in each column the sign distributionis [. . . + + —— + + ——...]. These sign distributions were
to be expected by simple physical reasoning.
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